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Low dimension proximity problems: d = O(1)

Nearest neighbor
[Indyk, Motwani ’98]
[Liao et al. ’01]
[Chan ’02]

Closest pair problems
[Eppstein ’95]
=⇒ ≈ O(log3 n)

Spanners/MST
[Roditty ’12]

[Gottlieb, Roditty ’08]

Goal: Design dynamic data structures which return a
(1+ ε)-approximation
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Ordering of points
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Ordering of points
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Locality-sensitive orderings
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Locality-sensitive orderings
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Definition: Locality-Sensitive Orderings
Let ε ∈ (0, 1). A collection of orderings Π over [0, 1)d s.t. for all
p,q ∈ [0, 1)d, there exists a σ ∈ Π where:

∀p ≺σ z ≺σ q : min(‖z − p‖, ‖z − q‖) 6 ε‖p− q‖.
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Main Theorem

Definition: Locality-Sensitive Orderings
Let ε ∈ (0, 1). A collection of orderings Π over [0, 1)d s.t. for all
p,q ∈ [0, 1)d, there exists a σ ∈ Π where:

∀p ≺σ z ≺σ q : min(‖z − p‖, ‖z − q‖) 6 ε‖p− q‖.

Theorem
There are locality-sensitive orderings of size
O
(
(1/εd) log(1/ε)

)
.
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Application: Bichromatic closest pair

Problem
Maintain a pair (r ′,b ′) s.t. ‖r ′ − b ′‖ 6 (1+ ε) · min

(r,b)
‖r − b‖.
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Application: Bichromatic closest pair

I Idea: Solve the 1D problem

I Maintain order in a binary
tree

I Maintain min-heap of
consecutive red/blue
pairs

I Easily made dynamic

p

q

⇓ Delete p

⇓ Insert q
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Application: Bichromatic closest pair
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‖r ′ − b ′‖ 6 ‖r ′ − r‖+ ‖r − b‖+ ‖b− b ′‖
6 (1+ 2ε)‖r − b‖
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Applications

1. Bichromatic closest pair (improved time to O(log n))

2. Dynamic spanners (simpler, [Gottlieb, Roditty ’08])
3. Static vertex-fault-tolerant spanners (simpler,
[Kapoor, Li ’13] [Solomon ’14])

4. Dynamic vertex-fault-tolerant spanners (new)
5. Approximate nearest neighbor (not new, [Chan ’02])
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